
���������	��
���������������������������! #"$��%&�('�)*"
+�,.-0/21435376�8�-9,(:;8	:=<�>?@-BA�C(>ED

F �HGJI9KMLON$PRQ�S5TVUVWYXZT�I[T�\�]_^�`�U�W7Xba5N_cM]_d_WfeMcRghI0cMI5cMK7ij`�d.]_d	`�kOI[WYXZk7I[cMKBgl^nm5TVU�WoXpKqPO^reqWjdts#I[PRTVUVWYXpajN.cOI5]vuw irKO^xa5NtcR]yizeqcOglI9cRI5LOi|{�d_].d*^V{bT�I}eq`n~5KMk7N.X�^h�J^xT�I}eqglIjT�kON�u�G�eMd_cMKRdt]td�eqcOglI|�!m[I0a[KR`�PRKO�0a[N_cR].^x`�KM�5KR^LOi|{�~leMI�i�POd.KOghIYKOdtW7��UVg ��POQ�gl~5POI5g ��PR`VT�NtX�^�i�����KO�jX�^�a5N_cR]_i�u�G��VKOI[PRU�W7X�a5NtcR]_dtWp���V]yi�ajN.cO]_icOI[cMK7ij`�I5T�i���G�eRdtcMKO~[KRI�`VkOI5WoX�TV�Hgx^|mjT�^ncqKOd�u� ����I�{��|T�PR^�`VT�^|P7irghIjT�T�Up��P7ij`�^n��X�].UbKqPO^req��X�I[]_T�Nt�
ABC

c���LOIY�J^nT�^|\
AB

u!�zi�eM{�~[KOI�`�kOI[WYX�T���J^V{��
X
KO^nX�^|KO^0KRPO^�eq��X�I5]tT�Nt��\�cfT��|cO]tIj{�\�eMN.WjN!`V]yi|cMKOT�^ncqKON�����I[{�I[ghIY��].d!��^�{�Ijg

X
��LRN_gl��\xPO^�`V T�^|��~5m5T�^|\¡c

AB
i0��LONtgl�V\¡�|^n]_gh^n\HT�i

AB
�V`V�VKRT�I�T!i�T�dtWoX�KRPR^�eR��X�I5]tT�Nt�

ABC
{�`�~�cRX�^V{�T����cRI[ao����u¢ �x�zi�eM{�~5KMI£`�k7I5W7X�T�i���]ti|{�T��la5NtcR]yi

x
����PO^¤��KMI5P7��eqI£ghI5S5d	{�IjcRIYKOd	a5N_cR].�

¥
x ¦ , ¥¨§ x ¦ , ¥¨© x ¦ , ¥«ª x ¦ , ¥¨¬ x ¦ , ¥® x ¦ , ¥°¯ x ¦ , ¥®± x ¦ , ¥¨² x ¦ , ¥.³�´ x ¦��P7�j`�~�{�I[`�~[KzPOQ�SjT�U�W7X	u�µV��g0�J^n] ¥

a ¦ eMI�W5I5]_�¡a5�|cMK�POI��|].T��[X�^�a5NtcR]yi a �!K�eYu�W5I[]_��a5N_cM]_^��!��PO^��VKOI[PO���]tirKON ¥
a ¦$¶ a < ¥

a ¦�· ³ u���ir��LON¸��]ti|{ ¥¨©
,
¯ ¦!¹ © � ¥®ª ¦!¹ ª u�*�x�zi�eM{�~5KMI�`�kRIjWoX�T���]_d_W7X�^|�J~[m5T�N.�V�

ABCD
cRIºS��r�V]yi|{�T�i|gld

AB
i
CD

�o��PO^»��KOI[PO�º��]_i�KON�� |AB| ¹¹  W5g�� |CD| ¹ ª Wjg¼i
|BC| · d ½¾¹ |AD| · d ¿�¹ |AB| · v,��{�I

v
SjT�i|a5N�`�U�kO�V\h]_d.WoX�^|�J~5mjT�N.��\��

d ½ `�S5{��|]tI5T�^|cRK=�J^�{�\ A ^�{l��LRN_gl�V�
BC

i
d ¿ `�S5{��|]tI5T�^ncMK�J^V{�\

B
^V{Z��LRN_gl�V�

AD
u

ÀRÀ uM��^n]t^¤��irKOI5Án^rP7d.I�ÂÃcMI£�n^nT��
ÄÆÅ �j����Ç ¢�F ��ÈÉ���Ê�
� F�Ë!Ë!Ì

K7i��J�Jir�V��S�ira�i�]_^¡{�^|��^|]_I[{�T�Ili¡ir�V��cO^n\�KO~[m5N_W5N2gl~j]td2T�i�LOI[kOIjT�N2��].^nXª X�^�{�dtT���a5dtcMKO�5X�^�aji|cR\�u$G�i¡��i|m[{�^n\¾��]_^nX�\�g�Q�m5I¤cO^|\�KR~jm5NtW5N=S5N_cM��irK �J^�{�Q��2��cq��~[kOT�U�g LRI[kOdtKRI5]_I5gÍeMIZKOI5TÎmj�r�����KOIYPRUÏS5NtcM��� ³�´ �J^V{�QT�I5�J^l`VN_W[I|u w �VKO^l��{�i�eqI9cRI£mj�r��Q�gÐcR{�~5].N���LRI5{pSji|X���eMI5T�Ntg¼cO^r\�KR~5m5I|u



���������	��
���������������������������! #"$��%&�('�)*" ���������	��
���������������������������! ��#"�$%�'&
F �)(�S5T�irajglIhX�]_I[{�i|T��la5N_cM]_d.WjI

a < b < c
u+*2^|KR^ng \�`�I5{�I5T�U�WoX kOIjcMK9a5N.cOI5]�����].^pcRI5LOi|S5I5TVUVWoXK7ir��KO^��

cba > cab > bca > bac > acb > abc.

*�PO^|KO^|mjI
bac ¹ cba · acb§ ,

{�^ncRKRi|T�IjghIz�J^lPR^nSjI[��cO�|T�N	{�I[��i|{�d_WO��UVWoXpSj�r��d_cMQpih����P7ij`�~
ª
c · ©

a ¹ ¯
b,

T�I5��^n]td ª-,
c− b .2¹ ©/,

b− a . .
(z{�KO\�{���]t��T�Ir�Vm5I

c− b eqI�{�~5]tdtKRIj].T��BKMLOIjgld�u0*�PR^|KO^nm5I ´ < c− b < ² �Vgl^nX�^n\HT�i|cMK7irKf{�`�i9��LON¸�!i|{����
• c− b ¹ © �

b− a ¹ ª u-(�{�KO\�{
b ¹ a · ª i c ¹ a · ¯ � a ¶ § u	1�]t^nX�i¤gx�l{�`�~zLOI[kRIjT�N��

a ¹ ³ �
b ¹ ¬ �

c ¹ ± ��i|T�I5�J^
a ¹ § �

b ¹  �
c ¹ ² u

• c− b ¹  �
b− a ¹ ± u2(�{�KO\�{

c ¹ a · ³jª ��W[^nm���PO^la5N_cR]tdtW[I
a
�
c
T�I5g�Q�m5I���]yirKMdtKju3 N_cM]yi¤�V��]_ilcRI[cRKOi�`|IjT�ilS�ajNtcO].d_W ³ � ¬ � ± ��irT�I[��^ § �  � ² u

4�576�8�9;:=<?>A@�BC@�:#DFEC@HG7IJ=K#L0M
� ��(zS5T�i|a5glI

D
cMKRLOIj{ cMKRPOi|T��

AB
uN*�LRI5{��J^|��]_�|{�I}eqglI T�I�eM��PM`�I|�@m[IÏ�J^�{

X
].Ijm5Nh\�`VT�d¸KRLKRPR^�eR��X�Ij].T�N.��\

BCD
T�I[�J^�T�i¡eqIjX�^�X�POi|T�d_W5d�uPO ��^�{�\

X
cRI[cRKMPO^reqghIZ^�{��J^�`�Nt{�i�eMN_W5N ��cRI5a7�V���J^r ��c7i|T��x`���]t^|SjIHileqI}eMdtWoX���^nT�W5^�`��x�J^�{���^nS5T�i|a5ghI

P
�
Q
�
Y
�
Z

, ^���P5u ³ . u w PO^�eq��X�I5]tT�Nt� QXY eRIS[LRIqeqgh~ ��P7ij`n^n��X�]tUÃi PO^�`�T�^rP7i|glIjT�T�U��=KOI5{�� |XY | ¹ |XQ| uRQ@��� ���V]_^ |Y Z| ¹ |PQ| �ºg�\�cRN�VUVK |ZX| ¹ |XP | �KOI[{���KRPO^�eM��X�Ij].T�N.� ZXP g�\�cRN ��UVKhPO^�`�T�~jmZ��POi�`�^n��X�].UÆi¾PO^�`�T�^|POi|ghI5T�T�Unu� KO^ng ��LON¸�!ir{�~�eMIzKRir���
ZP ‖ BC u�(zSjT�i|a[ghIz{��|]_I U ��irKR\H��^n].ghd_W[I�S���^V{�\

X
T!i

AC
u�G�LOI}eMgh~§ |UP | ¹ § |XU | ¹ √ § |XP | ¹ |ZP | ¹ |PA| u�S���� ]_dJKMIj{��x��^�{ X gxN¸K �J^nmji|{�^�`�i|T�^n\¡`�]_i|cRKMT�^|cRK5�g�\�cRN���U�K

|XU |
|UA| ¹

³© .
w N_g eMI�eqI5{�T�^nS5T�i|ajT�~B\�POa[IjT���X�Ij]

XAC
�n��PO^|KO^9`VkOI5WoX�TV�¤`V��X�^�`�\�eRN.WjN��J^�{��¤`¤KRPO^�eM��X�I5]tT�N¸��\

BCD]tI5m5NºT�iZ��LONtghW5Iru*�nI}eMN���POQ�cOI5a5N.��c
BC

eMIxSYLOIqeqgh~h�J^V{
E
K7ir��^�`�Un�	m5I § |CE| ¹ |EB| uT(�S5T�i|a5ghI{��|]tI

F
��POQ�cOI5a[Nt�H��LON_g¤�V�

EA
c@`�U�kR��^n\

CD
u

A

B

C

D

P

Q X

Y

Z

U (���Pju ³ A

B

C

D

E F

G

§
³

³ §
(���Pju §



(��J{�^|��T�^n\Ã��`�i|X�^n\ ��PO^�KqPO^req��X�I5]_T�N.�
ACD

S�eRd.cRKON.ghI|�=mjI�`ÆKO^|g�KR^�KRPO^�eM��X�I5]tT�N¸��\�gh^nX�^n\`V��X�^�`�^�`�irK2eMI5T���^�{��H��irKRLONtW5N	��cRIja5W5I
FG

����{�I
G
eqIzK7ir��^�`VUH�J^V{ZcRKqP7i|TV�

AC
��mjI § |CG| ¹ |GA|, ^|��P5u § . u� ���|m[I5ghIn�Vm5IzT�i|^|��ir�x��i|mj{�Ux��^V{

X
]t^nglIjT���a��rPR�

EFG
gx�0�J^nm�i�{�^�`�irT�^n\�`�]ti|cRKRT�^|cRKj� *�PO^]td.��^�`n^n]tTVU���^�{

X ∈ EF
, ��LON¸�!i|{

X ∈ FG
eqIZ^|��{�^|��TVU . cMKOi|a5Nf�J^�{�]tI¡��LOI[{�WYX�^nS5NtX�^�{�^|���|S�i�KPO^�`�T�^ncqK |XP | ¹ |XZ| �!��{�Il��^V{�� Z ∈ AB i
P ∈ AC eMcR^n\¾cMKOI}eMT�~BeOir��^H��LOI5{�KONtgÍK7i���^�`��|��m5I

XP ‖ AB � XZ ⊥ AB u�*=PO^���^|]_g0Ul��POQ�gh~[K U �J^�{�\
X
T�i�cMKRPOi|TV\

AC
i9��PO^���^|]tg0Ux��POQ�gl~5K

V��^�{�\
P
T�i�cRKMPOi|T�\

AB
��]yirKON |XU | ¹ �� |UA| ���PO^|KM^peMI |XP | ¹ √ § |UP | ¹ �� √ § |AP | ¹¹ |PV | ¹ |XZ| u4�5 6=8 9;:#< >A@�BC@�:#D�E�@ G�I�J K�L�����IJ=K	� K=@ E�
 @� 5 :�5�9 @�� @�:�D�� :=J���� :��'I�JFK#L�������IJ=K�����5 K#L	� 5�������@���5���K�� I J=K:#5 9 @ ��@�:=<!� :=J���� :���#" 8 J�� 5�K#J%$ 5�:#J�&$=9;5(')
 :=J�')
�M

¢ �f�BIqeq{�LON.`�I¾\�`��|m5NtghI|�=m5I
x <

³ u?*�PO^
x * ³ KO^|KMd_m���]yirKRN ,

k · ³ . x * kx · ³ �=^V{���\�{¥�,
k · ³ . x ¦ > ¥

kx ¦ ��K7i���m5I ¥ x ¦ < ¥°§
x ¦ < . . . <

¥.³�´
x ¦ eMIz{�I5cRI5KfPOQ�SjT�U�W7X¡a5N_cMIj]�u�*2^���\�{0eRI ´ < x <

³ �eMI ¥
x ¦�¹ ´ u$G�T�I[PO^�`VT�^ncRKRN

kx <
,
k · ³ . x < kx · ³ ��PO^¡��i|m5{��l��LOd.PO^nS5I5T��¤ajNtcO].^

k
`V�V��]tU�`�����m5I��\,+ ¥ ,

k · ³ . x ¦	¹ ¥
kx ¦ �!i|T�I5�J^ ¥ , k · ³ . x ¦	¹ ¥

kx ¦�· ³ u2*�PO^|KR^�cOI£`p{�i|T��0L7i|{�~0{�I5cMI5KRda[N_cRIj]*g�\�cRN`V��cR����KM^�`�irK2��P7�j`�~f{�I[`�~[K2�J^zcO^r�J~*eR{�^n\�W[N_WoX¤WjI[]tUVWYX�T�I5Sj�r��^|POTVUVWYX�ajN.cOI5]�u w ^£S5T�i|glI5T�����m5If�J^ncR].Ij{�T�Na5NtcR]_^¤`HL7i|{�~ eqIz��P7��`�~�^ ± `�~[KRkON	T�I5mz��PR`�T�N , PR^�`�T��9T�\�].I . ��KOI[{��¥¸³j´
x ¦�¹ ±

.
,q³ .

(���P7�|W5I5T�~0��i|m5{��0LOI[k7I[T�N
x
PO^�`VT�d.WjI ,q³ . `���X�^�`�\�eMI0��^�{�ghNtT�WjI���].^nXV�|��T�I5�J^.-zT�\�KRT�~ x < ³ �!KOir��m5Imj�|{�T��HSHa5N_cMI5] ´

,
³
,
§
, . . . ,

± T�I[g�Q�mjIH`|I¡SY��^n\�gxi|T��xLoir{�~HWoX��V��~5K5u0/»^�`�T�dtW5d ,}³ . `V��X�^�`�\�eqN ��P7�j`�~K7i
x
����PR^hT�~jm ± ¶ ³�´

x <
² ��T�I5�J^n].d213 ¶ x < 4�65

u87@I[kOIjT�Ntg¼��]t^nX��0eMIzKOI5{��¡d_T�KRI5PR`�i|] 〈 1 3 , 4�95 .
u

: �#
��É���;j�V
&���=<B]_I5{��|glI�K7i
x >

´ ����PO^l��KOI[PO�¤`HL7i|{�~9T�IYPO^�`�T�^ncMKON
¥
x ¦	¶ ¥°§

x ¦	¶ ¥¨©
x ¦	¶ . . . ¶ ¥.³�´

x ¦T�i|cRKRi|T�I£��P7�j`�~ eqI5{�T�i�PO^�`�T�^ncMKju���I5W7X>- KOI5{��H��PO^lT�~[��KMI5PO�
n ∈ { ³ , § , . . . , ² } ��]_irKRN¥

x ¦ < ¥¨§
x ¦ < . . . <

¥
nx ¦�¹ ¥�,

n · ³ . x ¦ < ¥�,
n · § . x ¦ < . . . <

¥.³j´
x ¦ .G�`�����cRi|T�� PO^�`�T�^ncqKOd�`V�V��]tUV`����rm5I

x <
³ �riz��PR^|KO^£g�\�cON���U�K�T�irkOI L7i|{�i�KR`�^|LOI5T�i���^�cR^|�J~&eq{�^n\�WjN.ghdW5Ij]¸U�gld	a5N_cR].�H�J^�ajNtT�i�eqI9T�\�]t^n\	u w ^�eMI£I[�V`�d¸`�i|]_I5T�KOT�N	c»T�IYPO^�`VT�^ncRKRgld

, d . k > kx * k − ³ ��KOI5{�� ³ > x * k − ³
k

��PO^
k ∈ { ³ , § , . . . , n} ?

, dtd . k − ³ > kx * k − § ��KRI5{�� k − ³
k

> x * k − §
k

��PO^
k ∈ {n · ³

, . . . ,
³�´ } u

��kRIjWoX�T���T�I[PO^�`�T�^ncMKOd ` , d . eqcO^|\ÏcM��]tT�~jT��n�$��P7�j`�~¡��{���mH��]yirKRN ³
> x * n− ³

n

�i�`�kOI[WYX�T��
T�I5PO^�`VT�^ncqKOd2` , d_d . eqcR^n\ cM��]_T�~jT�������P7�j`�~l�V{���m n

n · ³ > x *
±³�´ ¹ ª ¬ u w ^�eqIhgh^nm[T��BeMI5T¾KRI5X�{��n�

eMIY� ]_d n

n · ³ > ª ¬ ��KRI5{��¡�V{���m n * ¬ u-*�PO^lKRir��^�`��
n
i|].I£��]_irKRN

³
>

n

n · ³ > n− ³
n

*
ª ¬ ,



K7ir�VmjIxLOI[k7I[T�N_g cR^n\�cRKRi�`���T�I[PO^�`�T�dtW ³
> x * n− ³

n

� n

n · ³ > x *
ª ¬ ��PO^

n * ¬ eqIHd.TVKOIYPR`�ir]
� n− ³

n
,

n

n · ³�� u *�PR^ n ¹ ¬
,

,
¯
,
±
,
² KOi���{�^ncMK7�j`��rglI�d_T�KOI[PR`�i|].��� 1 3

,

3��� ��� 3� , � 	 � � . . . ����

4 , 4�65 � ?eMI}eqdtWoXZcveMI5{�T�^VWjI5T�Ntg eRI�d_T�KOI[PM`�i|]�� 1 3

, 4� 5 � ��W[^nmfeMI�ghT�^|mjd.T!i�`Vk7I[WoXZX�]_I5{�irT�U�W7X x u4�576�8�9;:=<?>A@�BC@�:#DFEC@HG7IJ=K#L��	� 
AJ�#J � IJ=K��2� 576	$ 5� &$�@�K=J�&���D>��@ �AE �;B 
���:#D ��� @�������M
�*���$d.WYX�^|��~jm5T�Nt� cRIbSj�r��]_ir{�T�i|ghd

a
�
c
i P7i|ghIjT��

b
�
d
I���d_cqKO\�eqI�i�eqIleRI[{�d_T�U����P7��`|~p��{���mI��d_cMKR\�eqI£KRPO^�eM��X�Ij].T�N.�¡cRI£cMKRP7i|T�i|gld |a− c| � b i d , ^|��Pju © . u

A B

CD

c a− c

b

c

d d

(z��Pju ©��kRd_ghT�~jglI�cOdºKRPO^�eq��X�I5]tT�Nt��\
ABC

uT*=PO^|KO^nm5I���PO^heMI5X�^�`VUVkR����T�i�cRKqP7i|TV�
BC

i
AB

��]yirKMN
v ½	¿�¹ v

�
v ¿���¹ d ½ �reqI9{�]tI���LOI5{���^|��]ti|{�\

|BC| · v ¿���¹ |AB| · v ½	¿ .
�zi0S�����]yir{�~B`�U�cR]tI5{���\ § uV��]_^nX���{�^ngx�|W5N.X�^0��^n]yi9KOI[{��h��]_irKRN |AB| ¹ |BC| T�I[�J^ |<. ABC| ¹ ²n´�� u
Q�T�i|]t^nÁ|d_W7�V�9`0KRPO^�eM��X�Ij].T�N¸��\

ABD
{�^ncMK7i|T�I5glI |AD| ¹ |AB| T�I[�J^ |<. DAB| ¹ ²n´�� u=*�PR^|KR^�g�\�cRNT�i|cRKRirK=eMI5{�I5TZS5I9a[K��VL@��LON.��i|{�Q	�³ u |<. ABC| ¹ |<. DAB| ¹ ²n´�� u

*2^|KR^ngÐ�V�¡i|]_I
ABCD

T�I[�V��]	]tdtWoX�^|�J~jm5T�N.��u§ u |AB| ¹ |BC| ¹ |AD| ¹  W5g�u
*�PO^|KO^nm5I |CD| ¹ ª W5gZ��I��dtcRKM\|eqIzK7ir��^�`VU¡]tdtWoX�^|�J~5mjT�N.�

ABCD
��PO��`�~ eMI5{�IjT���T�I[�J^.- I ��d_cMKO\�eMIKMPO^�eM��X�I[]_T�Nt�HcOI�cMKRPOi|T�i|ghd	{��j]tI5�  W5g��  W5g�� § W5g�u© u |AB| ¹ |BC| ¹  Wjg ? |<. DAB| ¹ ²n´!� u

*�PO^|KO^nm5I |CD| ¹ ª W5gZ�jK7ir� |AD| ¹#"  � − ,� − ª . � W5g ¹ √ ©�§ W5g�u w ir��^�`�U�KO^z]tdtWoX�^|�J~5mjT�N.�I ��d_cqKO\�eMI���P7�j`n~ eqIj{�I[T$��T�I[��^.-»I���d_cqKO\�eqI£KRPR^�eq��X�I[]_T�Nt�¡cRI£cMKRP7i|T�i|gld § W[gZ�  W[gZ� √ ©�§ W5g�uª u |AB| ¹ |AD| ¹  Wjg ? |<. ABC| ¹ ²n´ � u��IzKO^xi|T�i|].^nÁnd_WO��UH��LON.��i|{�eRir�n^ © , `V��gl~jT�N_ghIzP7i|glI5T�i
AD

i
BC . u$ i|T�����]_^nS5I�`V��X�^�`�\�eRN���P7�j`�~zKRLOd	]_d.WYX�^|��~5mjT�Nt���¡\�`�I5{�I5T��£`H��^V{�I5WoX § � © � ª u

4�576�8�9;:=<?>A@�BC@�:#DFEC@HG7IJ=K#L0M


